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In the third fermion family and gauge symmetry of the Standard Model (SM), we study the 
quark-quark, lepton-lepton and quark-lepton four-fermion operators in an effective theory 
at high energies. These operators have nontrivial contributions to the Schwinger-Dyson 
equations for fermion self-energy functions and the Vk ± -boson coupling vertex. As a result, 
the top-quark mass is generated via the spontaneous symmetry breaking of (ft)-condensate 
and the IV -boson coupling becomes approximately vectorlikc at TeV scale. The bottom- 
quark, tau-lepton and tau-neutrino masses are generated via the explicit symmetry breaking 
of IV -contributions and quark-lepton interactions. Their masses and Yukawa couplings are 
functions of the top-quark mass and Yukawa coupling. We qualitatively show the hierarchy 
of fermion masses and Yukawa couplings of the third fermion family. We also discuss the 
possible collider signatures due to the vectorlikc (parity-restoration) feature of IV -boson 
coupling at high energies. 

PACS numbers: 12.60.-i,12.60.Rc,11.30.Qc,11.30.Rd,12.15.Ff 


I. INTRODUCTION 


The parity-violating (chiral) gauge symmetries and spontaneous/explicit breaking of these sym¬ 
metries for the hierarchy of fermion masses and mixing angles have been at the center of a con¬ 
ceptual elaboration that has played a major role in donating to mankind the beauty of the SM for 
fundamental particle physics. On the one hand the composite Higgs-boson model or the Nambu- 
Jona-Lasinio (NJL) pj] with four-fernrion operators, and on the other the phenomenological model 
Q] of the elementary Higgs boson, they are effectively equivalent for the SM at low energies and 
provide an elegant and simple description for the electroweak symmetry breaking and intermediate 
gauge boson masses. The experimental results of Higgs-boson mass 126 GeV Q] and top-quark 
mass 173 GeV { 4 ] begin to shed light on this most elusive and fascinating arena of fundamental 
particle physics. 

In order to accommodate high-dimensional operators of fermion fields in the SM framework 
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of a well-defined quantum field theory at the high-energy scale A, it is essential and necessary to 
study: (i) what physics beyond the SM at the scale A explains the origin of these operators; (ii) 
which dynamics of these operators undergo in terms of their dimensional couplings (e.g., G ) and 
energy scale //; (iii) associating to these dynamics, where infrared (IR) and ultraviolet (UV) stable 
fixed points of these couplings locate and what characteristic energy scale is; (iv) in the IR domain 
and UV domain (scaling regions) of these stable IR and UV fixed points, which operators become 
physically relevant (effectively dimension-4) and renormalizable following renormalization group 
(RG) equations (scaling laws), and other irrelevant operators are suppressed by the cutoff at least 
0( A" 2 ). 

The strong technicolor dynamics of extended gauge theories at the TeV scale was invoked 
to have a natural scheme incorporating the relevant four-fermion operator 



GtyLtRa)(pR‘4> L i b ) ( 1 ) 

of the (it )-condensate model of Bardeen, Hill and Lindner (BHL) [?j] and notations will be given 
later in Eq. Cod. This relevant four-fermion operator CD undergoes the dynamics of spontaneous 
symmetry breaking (SSB) in the IR domain (small G > G c ) of infrared fixed point G c (critical 
value) associated with the SSB and characteristic energy scale (vev) v ~ 239.5 GeV. The analysis 


of this composite Higgs boson model was made [t| to show the low-energy effective Lagrangian, 
RG equations, the composite Goldstone modes (pseudoscalars ^ 75 ^) for the longitudinal modes of 
massive W± and Z° gauge bosons, and the composite scalar (H ~ for the Higgs boson in the 

SM. On the other hand, these relevant operators can be constructed on the basis of phenomenology 
of the SM at low-energies. In 1989, several authors |u9] suggested that the symmetry breakdown 
of the SM could be a dynamical mechanism of the NJL type that intimately involves the top quark 
at the high-energy scale A. Since then, many models based on this idea have been studied flo| . 


The low-energy SM physics was supposed to be ac 


of the IR-stable fixed point with v ~ 239.5 GeV 


a 


rieved by the RG equations in the IR domain 

2 , 19 ]. 


Nowadays, the top-quark and Higgs boson masses are known and they completely determine 
the boundary conditions for the RG equations of the composite Higgs boson model [7|. Using the 
experimental values of top-quark and Higgs boson masses, we obtained [11, 12 ! the unique solutions 
to these RG equations provided the appropriate nonvanishing form factor of the composite Higgs 
boson in TeV scales where the effective quartic coupling of composite Higgs bosons vanishes. 

The form factor of composite Higgs boson H ~ is finite and does not vanish in the SSB 
phase (composite Higgs phase for small G > G c ), indicating that the tightly bound composite 
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Higges particle behaves as if an elementary particle. On the other hand, due to large four-fermion 
coupling G, massive composite fermions 'I' ~ {H'lp) are formed by combining a composite Higgs 
boson H with an elementary fermion ij; in the symmetric phase where the SM gauge symmetries 
are exactly preserved [3]. This indicates that a second-order phase transition from the SSB phase 
to the SM gauge symmetric phase takes place at the critical point G cr i t > G c . In addition the 
effective quartic coupling of composite Higgs bosons vanishing at £ ~ TeV scales indicates the 
characteristic energy scale of such phase transition. The energy scale £ is much lower than the 
cutoff scale A (f < A) so that the fine-tuning (hierarchy) problem of fermion masses rrif < A or 


the pseudoscalar decay constant /, t «A can be avoided 


111 . 


In this article, after a short review that recalls and explains the quantum-gravity origin of 
four-fermion operators at the cutoff A, the SSB and (tf)-condensate model, we show that due to 
four-fermion operators (i) there are the SM gauge symmetric vertexes of quark-lepton interactions; 
(ii) the one-particle-irreducible (1PI) vertex function of lE^-boson coupling becomes approximately 
vectorlike at TeV scale. Both interacting vertexes contribute the explicit symmetry breaking (ESB) 
terms to Schwinger-Dyson (SD) equations for fermion self-energy functions. As a result, once the 
top-quark mass is generated via the SSB, other fermion (u T , r, b ) masses are generated by the ESB 
via quark-lepton interactions and VE^-boson vectorlike coupling. In the third fermion family, we 
qualitatively show the hierarchy of fermion masses and effective Yukawa couplings in terms of the 
top-quark mass and Yukawa coupling. In the concluding section, a summary of basic points of 
the scenario and its extension to three fermion families is given. In addition, we present some 
discussions on the possible experimental relevance of running Yukawa couplings obtained and 
parity-conservation feature of the lE^-boson coupling at TeV scale 331] . 


II. FOUR-FERMION OPERATORS FROM QUANTUM GRAVITY 


A well-defined quantum field theory for the SM Lagrangian requires a natural regularization 
(cutoff A) fully preserving the SM chiral-gauge symmetry. The quantum gravity naturally provides 
a such regularization of discrete space-time with the minimal length a ~ 1.2 a p i [l(]], where the 
Planck length a p i ~ 10~ 33 cm and scale A p i = 7r/a p i ~ 10 19 GeV. However, the no-go theorem 
3 tells us that there is not any consistent way to regularize the SM bilinear fermion Lagrangian 
to exactly preserve the SM chiral-gauge symmetries, which must be explicitly broken at the scale 
of fundamental space-time cutoff a. This implies that the natural quantum-gravity regularization 
for the SM should lead us to consider at least dimension-6 four-fermion operators originated from 
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quantum-gravity effects at short distances 


fl. 


On the other hand, it is known that four-fermion operators of the classical and torsion-free 
Einstein-Cartan (EC) theory are naturally obtained by integrating over “static” torsion fields at 
the Planck length, 

^Bc(e, w, ip) = C E c(e,uj) + + GJ d J d , (2) 


where the gravitational Lagrangian C E c = tetrad field e M (x) = e /1 a (x)’y a , spin- 

connection field u)fj,{x) = uj® b (x)(Tabi the covariant derivative — igut^ and the axial current 

J d = of massless fermion fields. The four-fermion coupling G relates to the gravitation- 

fermion gauge coupling g and fundamental space-time cutoff a. 

Within the SM fermion content, we consider massless left- and right-handed Weyl fermions 
ipf and carrying quantum numbers of the SM symmetries, as well as three right-handed Weyl 
sterile neutrinos oj { and their left-handed conjugated fields z^ c = where “/” is the 

fermion-family index. Analogously to the EC theory (|2|), we obtain a torsion-free, diffeomorphism 
and local gauge-invariant Lagrangian 


c = c EC (e, u) + y, + E 

/ / 

+ G + upj) 

+ a (* t ,„ + 2 jjx, + 2 jjx.) , (3) 

where we omit the gauge interactions in T>^ and axial currents read 


J L,R 

/ 




- E 




( 4 ) 


The four-fermion coupling G is unique for all four-fermion operators and high-dimensional fermion 
operators (d > 6) are neglected. If torsion fields that couple to fermion fields are not exactly static, 
propagating a short distance £ > a, characterized by their large masses A oc £~ 1 , this implies the 
four-fermion coupling G oc A~ 2 . We will in the future address the issue of how the space-time cutoff 
a due to quantum gravity relates to the cutoff scale A(a) possibly by intermediate torsion fields 
or the Wilson-Kadanoff renormalization group approach. In this article, we adopt the effective 
four-fermion operators dH) in the context of a well-defined quantum field theory at the high-energy 
scale A. 

By using the Fierz theorem [3], the dimension-6 four-fermion operators in Eq. ([3]) can be 


written as 


+ (g/2) (j » l j l „ + j»j„„ + rj L „ + 2 jy^) 


( 5 ) 
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( 6 ) 


which preserve the SM gauge symmetries. Equations (0 and 0 represent repulsive and attractive 
operators respectively. In Ref. [l{]], we pointed out that the repulsive four-fermion operators 0 
are suppressed by the cutoff 0( A~ 2 ), and cannot become relevant and renormalizable operators of 
effective dimension-4 in the IR domain where the SSB dynamics occurs. 

Thus the torsion-free EC theory with the relevant four-fermion operators read, 


C = C EC + E + E V n elJ ' V l‘ v n 

f f 

- G E + ^R^X v n') + h - c -> ( 7 ) 

//' 

where the two-component Weyl fermions -0-( and ipf R respectively are the SUl{2 ) x Uy{ 1) gauged 
doublets and singlets of the SM. For the sake of compact notations, i /A is also used to represent 
Up,, which has no SM quantum numbers. All fermions are massless, they are four-component Dirac 
fermions ipf = + 0r), two-component right-handed Weyl neutrinos ir L and four-component 

sterile Majorana neutrinos v* M = (u^ c + whose kinetic terms read 


v?, u{,e ll T) u L'{ ir = u u^ n + ul c e^'D u ul c . 


( 8 ) 


In Eq. 0, / and f (f,f = 1,2,3) are fermion-family indexes summed over respectively for 
three lepton families (charge q = 0,-1) and three quark families (q = 2/3,—1/3). Equation 0 
preserves not only the SM gauge symmetries and global fermion-family symmetries, but also the 
global symmetries for fermion-number conservations. 


III. THE THIRD FERMION FAMILY 

In this section, we discuss how the quark and lepton Dirac mass matrices are generated by the 
SSB via four-fermion operators. In Eq. 0, the four-fermion operators of the quark sector are 


- g E^KV{- 

//' 


(9) 


Due to the unique four-fermion coupling G and the global fermion-family Ul{ 3) x Ur{ 3) symmetry 
of Eq. 0, we perform chiral transformations Ul € Ul{ 3) and Ur € Ur( 3) so that f = f = 1,2,3, 
the four-fermion operator 0 is only for each quark family and all quark fields are Dirac mass 
eigenstates. The four-fermion operators 0 read, 


G 


(' l l ; L"tRa)(i b R'*pLib) + {^L^Raj^R^Lib) 


+ “terms”, 


( 10 ) 
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where a,b and i . j are the color and flavor indexes of the top and bottom quarks, the left-handed 
quark doublet ip™ = ( tb R ) and the right-handed singlet ip R = t R ,b R . The first and second terms 
in Eq. (llOjl are respectively the four-fermion operators of top-quark channel 7] and bottom-quark 
channel, whereas “terms” stands for the first and second quark families that can be obtained by 
substituting t —>• u,c and b —> d, s. 

In Eq. (}7|) , the four-fermion operators relating to the lepton Dirac mass matrix are 


- G 


E 


[MK l i + ^ 




( 11 ) 


//' 

where Dirac lepton fields £f and £f are the SM SUl(2) doublets and singlets respectively, and v R 
are three sterile neutrinos. Analogously to the quark sector (J9|) , we perform chiral transformations 
Ul € Ul{ 3) and Ur € Ur{ 3) so that / = f, the four-fermion operators (fill) are only for each 
lepton family and all lepton fields are Dirac mass eigenstates. Namely, the four-fermion operators 
m become 


GE [(PMWia) + (44)(4^) 

£ 


( 12 ) 


where three right-handed sterile neutrinos v R (£ = e, h,t), the left-handed lepton doublets = 
(4 ,£l) and the right-handed singlets £r. 

In the IR domain of the SM, the four-fermion coupling G > G c and the SSB leads to the 
fermion-condensation Mff = —G(Ppfipf) = rndff ^ 0, two diagonal mass matrices of quark 
sectors q = 2/3 and q = —1/3 satisfying 3 + 3 mass-gap equations. It was demonstrated B that 
as an energetically favorable solution of the SSB ground state of the SM, only top-quark is massive 
(m| b = —Gfytipt) 0), otherwise there would be more Goldstone modes in addition to those 
becoming the longitudinal modes of massive gauge bosons. In other words, among four-fermion 
operators m and m , the (ft)-condensate model ([T]) is the unique channel undergoing the SSB 
of SM gauge symmetries, for the reason that this is energetically favorable, i.e., the ground-state 
energy is minimal when the maximal number of Goldstone modes are three and equal to the 
number of the longitudinal modes of massive gauge bosons in the SM. Moreover, the four-fermion 
operators (fill) of the lepton sector do not undergo the SSB leading to the lepton-condensation 
M ff , = -G(P£?) = rrifSff/ / 0, i.e., two diagonal mass matrices of the lepton sector (q = 0 and 
q = —1). The reason is that the effective four-lepton coupling ( GN C )/N C is N c - times smaller than 
the four-quark coupling ( GN C ), where the color number N c = 3. In the IR domain (G > G c ) of the 
IR-stable fixed point G c (the critical value), the effective four-quark coupling is above the critical 
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FIG. 1: Using experimentally measured SM quantities (including m* and m H ) as boundary values, we 
uniquely solve the RG equations for the composite Higgs-boson model fl, we find [Tl.• [l3 the effective top- 
quark Yukawa coupling gt(g) (left) and effective Higgs quartic coupling A(/r) (right). Note that A(£) = 0 at 
£ ft 5.14 TeV and X(g) < 0 for /x > £. 


value and the SSB occurs, whereas the effective four-lepton coupling is below the critical value and 
the SSB does not occur. 

As a result, only the top quark acquires its mass via the SSB and four-fermion operator (JT|) of the 
top-quark channel becomes the relevant operator following the RG equations in the IR domain [7]. 
While all other quarks and leptons do not acquire their masses via the SSB and their four-fermion 
operators ® and (1111) are irrelevant dimension-6 operators, whose tree-level amplitudes of four- 
fermion scatterings are suppressed 0(A~ 2 ), thus their deviations from the SM are experimentally 
inaccessible [2|. However they acquire their masses because their SD equations acquire the ESB 
induced by the IF^-boson vectorlike coupling and quark-lepton interactions, see Secs. E] and EH It 
is difficult to analyze the SD equations of three fermion families all together. Beside, the fermion 
masses in the third fermion family are much heavier than those in the first or second fermion family, 
and the off-diagonal element is much smaller than the diagonal one in the family mixing matrices, 
like the CKM one. For these reasons and observations, to the leading order of approximation, we 
focus on the third fermion family in this article so as to first qualitatively explain and show how 
the bottom quark, tau lepton and tau neutrino acquire their masses as functions of the top-quark 
mass. 


IV. THE (tt)-CONDENSATE MODEL 

In this section, briefly recalling the BHL (it )-condensate model [7] for the full effective La- 
grangian of the low-energy SM in the scaling region (IR domain) of the IR-hxed point, we explain 
why our solution is radically different from the BHL one though the same renormalization proce- 
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dure and RG equations are adopted in the IR domain. It is important to compare our solution 
with the BHL one, as well as discuss its difference from the elementary Higgs model. 


A. The scaling region of the IR-stable fixed point and BHL analysis 


Using the approach of large IV c -expansion with a fixed value GN C to involve the most fermion 
loops (since each loop provides a factor of N c ), it is shown Q that the top-quark channel of 
operators m undergoes the SSB dynamics in the IR domain of IR-stable fixed point G c . As a 
result, the A 2 -divergence (tadpole-diagram) is removed by the mass gap equation, the top-quark 
channel of four-fermion operator dTJ) becomes physically relevant and renormalizable operators of 
effective dimension-4. Namely, the effective SM Lagrangian with the bilinear top-quark mass term 
and Yukawa coupling to the composite Higgs boson H at the low-energy scale /i is given by [3] 


A — ^kinetic 4 “ 9 toii^L^ rH H.C.) + ALg aU g e 

+ Z h \D^H\ 2 -rr^^H (13) 


all renormalized quantities received fermion-loop contributions are defined with respect to the 
low-energy scale /i. The conventional renormalization = 1 for fundamental fermions and the 
unconventional wave-function renormalization (form factor) Zu for the composite Higgs boson are 
adopted 

ZhM = SM = %ao; Ms) = #7, Ms) = §?-V, ( 14 ) 

9t ) Z '/ yl 

where Zhy and Z^h are proper renormalization constants of the Yukawa coupling and quartic 
coupling in Eq. (fT3l) . The SSB-generated top-quark mass mt(fi) = g 2 {/i)v/y/ 2. The composite 
Higgs boson is described by its pole-mass m 2 H (/i) = 2A {g)v 2 , form-factor Zn(g) = l/g 2 (/i), and 
effective quartic coupling A(/r), provided that Zff(ji) > 0 and X(/i) > 0 are obeyed. After the 
proper wave-function renormalization Zh(/jl), the Higgs boson behaves as an elementary particle, 
as long as Zh(/i) / 0 is finite. 

In the scaling region of the IR-stable fixed point where the SM of particle physics is realized, 
the full one-loop RG equations for running couplings gt{g 2 ) and X{/i 2 ) read 


<dg t 


= U S ' ~ 8 ® S ■ '12 ~ 9t ) 5,1 

9 d\ 

16vr 2 — = 12 
dt 


-2 


-2 


17 


-2 


A + {g t - A)X + B - g t , t = 1x1/1 


(15) 

(16) 
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where one can find A, B and RG equations for running gauge couplings g 2 2 3 i n Eqs. (4.7), (4.8) 
of Ref. [7]. The solutions to these ordinary differential equations are uniquely determined, once 
the boundary conditions are fixed. In 1990, when the top-quark and Higgs masses were unknown, 
using the composite conditions Zh = 0 and A = 0 as the boundary conditions at the cutoff A, the 
analysis of the RG equations (fl5l) and (fT6l) for Zn{ff) and X(ff) was made to calculate the top-quark 
and Higgs-boson masses by varying the values of cutoff A. It was found that the cutoff A varies 
from 10 4 to 10 19 GeV, the obtained top-quark and Higgs-boson masses are larger than 200 GeV. 


B. Experimental boundary conditions for RG equations and our analysis 

We made the same analysis and reproduced the BHL result. However, in Refs. QQ we 
further proceed our analysis by using the boundary conditions based on the experimental values 
of top-quark and Higgs-boson masses, mt ~ 173 GeV and rriH ~ 126 GeV. Namely we adopt these 
experimental values and the mass-shell conditions 


mt(mt ) = gt(mt)v/V2 ss 173GeV, muijnH) = [2A(mi/)]^ 2 w « 126GeV 


(17) 


as the boundary conditions of the RG equations (fl5l) and (fl6l) to determine the solutions for Znff) 
and \{ff) in the IR domain of the energy scale v = 239.5 GeV, where the low-energy SM physics is 
achieved with mt ~ 173 GeV and mu ~ 126 GeV. 

As a result, we obtained the unique solution (see Fig. |T]) for the composite Higgs-boson model 
m or (1131) as well as at the energy scale £ 


£ « 5.1 TeV, Z H « 1.26, X(£) = 0 


(18) 


and effective quartic coupling vanishes X(£) = 0. As shown in Fig. |T| or the Fig. 2 in Ref. [121 ] , 
our solution shows the following three important features. (I) The squared Higgs-boson mass 
m 2 H = 2A(/r)u 2 changes its sign at /1 = £, indicating the second-order phase transition from the 
SSB phase to the gauge symmetric phase for strong four-fermion coupling Q • (H) The form-factor 
Zff(ji) 0 shows that the tightly bound composite Higgs particle behaves as if an elementary 
particle for /i < £. Recall that in the BHL analysis Zjj(£) = 0 and X(£) = 0 are demanded for 
different £ values. (Ill) The effective form-factor Z^{£) of the composite Higgs boson is finite, 
indicating the formation of massive composite fermions ~ in the gauge symmetric phase 

jl3 |. This critical point of the phase transition could be a ultra-violet (UV) fixed point for defining 


an effective gauge-symmetric field theory for massive composite fermions and bosons at TeV scales 
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12j, and there are some possible experimental implications [191 ]. 


this article. 


We do not address this issue in 


C. Compare and contrast 

It is important to compare and contrast our study with the BHL one [7]. In both studies, the 
definitions of all physical quantities are identical, the same RG equations (j!5p and (I16|) are used 
for the running Yukawa and quartic couplings as well as gauge couplings. However, the different 
boundary conditions are adopted. We impose the infrared boundary conditions (I17j) that are known 
nowadays, to uniquely determine the solutions of the RG equations, the values of the form-factor 
Zh{£) / 0 and high-energy scale £ [X(£) = 0]. As shown in Fig. [0 Zh(^) = l/gfil- 1 ) [A(/x)] 
monotonically increases (decreases) as the energy scale ^ increases up to £. Both experimental mt 
and m H values were unknown in the early 1990s, in order to find low-energy values mt and m H 
close to the IR-stable fixed point, BHL [7( imposed the compositeness conditions Zu{ A) = 0 and 
A (A) = 0 for different values of the high-energy cutoff A as the boundary condition to solve the 


RG equations. As a result, too large mt and m H values (Table I in Ref. ]'J|) were obtained, and we 
have reproduced these values. However, these BHL results are radically different from the present 
results of Eqs. (fT71) . (flHl) and Fig. [T] showing that the composite Higgs boson actually becomes a 
more and more tightly bound state, as the energy scale [i increases, and eventually combines with 
an elementary fermion to form a composite fermion in the symmetric phase. This phase transition 
to the gauge symmetric phase is also indicated by A (fi) —>• 0 + as n —>• £ + 0“ at which the 1PI 
vertex function Z±h in Eqs. m and (I13j) vanishes. 

On the other hand, we compare and contrast our result with the study of the fundamental scalar 
theory for the elementary Higgs particle. The study of the high-order corrections to the RG equa¬ 
tions of elementary Higgs quartic coupling “A” and measured Higgs mass shows that A(/i) becomes 


very small and smoothly varies in high energies approaching the Planck scale 


211 ]. This is a crucial 


result for the elementary Higgs-boson model. This result is clearly distinct from the intermediate 
energy scale £ ~ TeV obtained in the composite Higgs-boson model, where the quadratic term A 2 
is removed by the mass gap equation of the SSB and an “unconventional” renormalization for the 


form factor of composite Higgs field is adopted [7]. Instead in the calculations of high-order cor¬ 
rections to the RG equations of the elementary Higgs quartic coupling “A”, the quadratic term A 2 
is removed in the MS prescription of the conventional renormalization for elementary scalar fields. 
It is worthwhile to mention that in Ref. [22[ it is shown in the elementary Higgs-boson model that 
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the quadratic term from high-order quantum corrections has a physical impact on the SSB and the 
phase transition to a symmetric phase occurs at the scale of order of TeV. Apart from described 
and discussed above, the effective four-fermion interaction theory has different dynamics from the 
fundamental scalar theory for the elementary Higgs particle, in particular for strong four-fermion 
coupling G , e.g. the formations of boson and fermion bound states [dJ]. Nevertheless, all these 
studies of either the elementary or the composite Higgs-boson model play an important role in 
understanding new physics beyond the SM for fundamental particles. 

V. ORIGINS OF EXPLICIT SYMMETRY BREAKING 

Once the top-quark mass is generated via the SSB, other fermion (u T , r, b ) masses are generated 
by the ESB via quark-lepton interactions and IV^-boson vectorlike coupling. 

A. Quark-lepton interactions 


Although the four-fermion operators in Eq. ([7]) do not have quark-lepton interactions, we con¬ 
sider the following SM gauge-symmetric four-fermion operators that contain quark-lepton interac¬ 
tions 


M, 


G {^L T R)( b R^ L i a ) + (^L^itR^Lia) + “terms”, 


(19) 


where l l L = and ipLia = (^La,^La) for the third family. The “terms” represent for the 

first and second families with substitutions: r —>• e, //, v T —>• z/ e ,z^, and t —>• u,c and b —>• d,s. 
These operators (11911 s hould be expected in the framework of Einstein-Cartan theory and S'O(IO) 


unification theory 


24( |. Once the top quark mass mt is generated by the SSB, the quark-lepton 


interactions (fl9ll introduce the ESB terms to the SD equations (mass-gap equations) for other 
fermions. 

In order to show these ESB terms, we first approximate the SD equations to be self-consistent 
mass gap-equations by neglecting perturbative gauge interactions and using the large lV c -expansion 
to the leading order, as indicated by Fig. O The quark-lepton interactions (fl9j) . via the tadpole 
diagrams in Fig. [2J contribute to the tau lepton mass mf 3 and tau neutrino mass m® b , provided the 
bottom-quark mass mf 3 and top-quark mass mf 3 are not zero. The latter mf 3 is generated by the 
SSB, see Sec. lIVI The former mf 3 is generated by the ESB due to the VE ± -boson vectorlike coupling 
and top-quark mass mf 3 , see next Sec. IV B1 The superscript “sb” indicates the mass generated by 
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the SSB. The superscript “eb” indicates the mass generated by the ESB. These are bare fermion 
masses at the energy scale £. 

Corresponding to the tadpole diagrams in Fig. El the mass-gap equations of tau lepton and tau 
neutrino are given by 

m* = 2 j iHf - { m f) 2 ]' 1 = (l/iV c )mf. (20) 

m? = 20™?^ j - (mf) 2 ]" 1 = (l/iV c )mI b , (21) 

Here we use the self-consistent mass-gap equations of the bottom and top quarks [see Eq. (2.1) 
and (2.2) in Ref. [7]] 

mf = 2GJV c mI b -ij ? J d?lf - (mf) 2 ] -1 , (22) 

mf = 2GN c m? ^ j dHf - (mf) 2 )- 1 , (23) 

and the definitions of Dirac quark, lepton and neutrino bare masses in general read 

< urak = -(1/2 NcMWa) = -(G/N c )(r L ^ aR ,) (24) 

< b pton = -(1/2 )G(U) = -G(£ l £r), (25) 

and ur®g Utrino = —(1/2 )G{£ V £ V ) = —G(£ u l£ur)- The notation (• • •) does not represent new SSB 
condensates, but the 1PI functions of fermion mass operator i.e., the self-energy functions 

Ey that satisfy the self-consistent SD equations or mass-gap equations. It is important to note the 
difference that Eq. (123|) is the mass-gap equation for the top-quark mass mf 3 generated by the SSB, 
while Eq. (1231) is just a self-consistent mass-gap equation for the bottom-quark mass mf 3 / 0, as 
given by the tadpole diagram. The tau-neutrino mass mff and tau-lepton mass m® b are not zero, 
if the top-quark mass mf° and bottom-quark mass mf 3 are not zero. This is meant to the mass 
generation of tau neutrino and tau lepton due to the ESB terms introduced by the quark-lepton 
interactions (HI, quark masses mf° and mff. It will be further clarified that these ESB terms are 
actually the inhomogeneous terms in the SD equations, which have nontrivial massive solutions 
without extra Goldstone bosons produced. In next section, we are going to show the other type 
of ESB term due to the VE^-boson vectorlike coupling, that is crucial to have the bottom-quark 
mass mf 3 generated by the ESB, once the top-quark mass mf° is generated by the SSB. 

B. lT ± -boson coupling to right-handed fermions 

In addition to the ESB terms due to quark-lepton interactions, the effective vertex of W±- 
boson coupling to right-handed fermions at the energy scale £ also introduces the ESB terms to 
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FIG. 2: We present the tadpole diagrams of quark-lepton interactions (flT)ll of the third fermion family, which 
contribute to quark and lepton ESB masses ro eb in SD equations (l35l) - (H^1) . 


the Schwinger-Dyson equations for other fermions, once the top-quark mass rrit is generated by the 
SSB. We study this effective vertex in this section. 

In the low-energy SM obeying chiral gauge symmetries, the parity symmetry is violated, in 
particular, the W -boson couples only to the left-handed fermions, i.e., *(<72/\/2)7 /j-Pl- In order 
to show that the four-fermion operators (J7| induce a 1PI vertex function of W/^-boson coupling to 
the right-handed fermions, see Fig. [3] we take the third quark family in Eq. (11011 

L = -^kinetic + G{/jY R t Rj0 /){^ R '^>Lib) + G('ljj l ibR a )(b b R 'lpLib), ( 26 ) 


as an example for calculations. The leading contribution to the nontrivial 1PI vertex function is 
given by 


G 2 {^ a Lb Ra ,) (b^Lv) WitRa) (t b R ^ Lb ) { l -j=t Lc (^P L )b c L W+ } 

= i^f 2 b Ra , {{t Ro ti] [brJ{ { ] [t w t Lc ] [fP L ] m,]} ? R W+ (27) 

= i^G 2 N c bl i a R W+ (28) 

=► {p\p)r i a R W+(p'-p ) (29) 

where two fields in brackets [■ • •] in the line (12711 mean the contraction of them, as shown in Fig. [3l 
the color degrees (N c ) of freedom have been summed and spinor indexes are explicitly shown 
in the line (|28p . Fj,' ( p',p ) represents the effective vertex function of VF^-boson coupling to the 
right-handed fermions t R and b R , 


Frtp'.pjr 




f £ 

'7 • (p' + q)' 

)k,q 

. (p' + q ) 2 . 


(35 


WPl) 


<5(7 


t—quark 


<j\ 


7 • (p-q) 

. (v - q ) 2 J b - 


b—quark 


'7 ■ (k + q/2) - m t 


7 ' (k ~ q/ 2) - m b 

(k + q/2) 2 — m 2 


(k — q/2) 2 — ml 


X 


(30) 
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FIG. 3: We adopt the third quark family (t, b) as an example to illustrate the 1PI vertex function of 
WT-boson coupling to right-handed Dirac fermions induced by four-fermion operators m- p and p' 
are external momenta, q and k are internal momenta integrated up to the energy scale £. The cross “x” 
represents self-energy functions of Dirac fermions, which are the eigenstates of mass operator. A CKM 
matrix Uij associates to the W-boson coupling g 2 . 


Based on the Lorentz invariance, the 1PI vertex can be written as 


r ™(p,p') = i-^lu.PR^ W (p,p'), 


(31) 


where T w (p. //) is the dimensionless Lorentz scalar. Beside, this vertex function (13111 remains the 
same for exchanging b and t. The same calculations can be done by replacing t —>• u,c and b —>• d, s, 
as well as t —>• v e , Vp, W and b —> e, p, r. 

As shown in Fig. [3] and Eq. (1311) . the two-loop calculation to obtain the finite part of the 
dimensionless Lorentz scalar T"' ( p,p') is not an easy task. Nevertheless we can preliminarily infer 
its behavior as a function of energy p and p'. For the case p <C mt and p’ <C mj ,, the vertex 
function T 11 ( p,p f ) oc ( G£ 2 ) 2 (jnt/£) 2 (mi > /£) 2 <S 1 vanishes in the IR domain of IR-hxed point of 
weak four-fermion coupling [7|, where the SM with parity-violating gauge couplings of W± and Z° 
bosons are realized. For the case mt and p' S> mb, T w (p,p') oc (G£ 2 ) 2 (p' / £) 2 (p/£) 2 increases 
as p and p' increase. In addition the four-fermion coupling G increases its strength as energy scale 
increases, i.e., the /3(G)-function is positive [lij. This implies that in high energies ( p/£) 2 1 
and/or ( p’/£) 2 < 1, the vertex function T 11 (p,p') = F" [(p/£) 2 , (p'/£) 2 ] does not vanish and the 
LF^-boson coupling to fermions is no longer purely left handed. On the other hand, at high- 
energy scale, the dependence of the vertex function (p, p r ) on fermion masses is negligible, and 
r"' (p. p') is approximately universal for all quarks and leptons. 






15 


VI. SCHWINGER-DYSON EQUATIONS 


After discussing the simplest mass-gap equations (f2Ul) and (f23j) and the effective lU^-boson 
coupling vertex m, we turn to the SD equations for fermion self-energy functions by taking 
gauge interactions into account. It is known that in the SM the W± boson does not contribute 
to the SD equations for fermion self-energy functions Ey. However, due to the nontrivial vertex 
function m , the W± gauge boson has the contribution, as shown in Fig. [4] to SD equations at 
high energies. This contribution not only introduces an explicit symmetry breaking term, but also 
mixes up SD equations for self-energy functions of different fermion fields via the CKM mixing 
matrix 23|, 25]. 

In the vectorlike gauge theory, SD equations for fermion self-energy functions were intensively 
studied in Ref. [26|. In the Landau gauge, SD equations for t and b quarks are given by 

^ ^ sb , O [ ^2/3 M) W) 

£f(p) = ™* +3/ -W2~ /2 , v / A (32 

■V (p-p) P u + T, t (p') 


Z b (p) = mf + 3 f V 7 V3(P ’f ) , 

Jv' ( p-p'Y p' z + T, b (p 


i(pO 


(33) 


where the integration f p , = J d 4 p'/(2Tr) 4 is up to the cutoff £, V 2 /s(p,p') and V_i/ 3 (p,p') are the 
vertex functions of vectorlike gauge theories. In Eq. (1421) . the bare mass term m| b comes from the 
SSB, see the simplest mass-gap equation (1231) and discussions in Sec. IIVI Instead, the bare mass 
term m| b in Eq. (1331) comes from the ESB terms due to the effective VF^-boson coupling vertex 
(f3ll) and the self-consistent mass-gap equation (1221) . We neglect corrections to vertex functions 
of vectorlike gauge interactions, for example, U 2 /3 = (2e/3) 2 and V_i / 3 = (e/3) 2 in the QED 
case. Since the vertex function T w (p,p') in Eq. (1311) does not vanish only for high energies, we 
approximately treat it as a boundary value at the scale £ 


a w = a 2 {£){'y w /a c V2 ), a 2 {£) = g%(£)/ 47 T, 7 ^ = V" (p,p)\ p , p >^.£, (34) 


where a c = ir/3. This means that the contributions of Fig. [4] are approximately boundary terms 
in the integral SD equations ( 1521 ) and ( 1551 ) . see the following equations ( 1551 ) - ([ 55 |) . Thus we neglect 
possible right-handed couplings of the would-be Nambu-Goldstone bosons in the Landau gauge, 
which could have effects on the explicit gauge symmetry breaking. In the future we will study 
these effects in some more detail. 


Following the approach of Ref. 
value problems (x = p 2 , a = e 2 /47r): 


261 ]. we convert Eqs. (|32l) and (|33l) to the following boundary 


d 

dx 



+ 


(2/3 ) 2 a xEt(x) 
a c x + Ti 2 {x) 


= 0 , 


(35) 
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and 


£ 2 Y! t (£ 2 ) + Ef(£ 2 ) - mf = a w \U tb \ 2 X b (£ 2 ) + mf, 
(l/3) 2 a xTi b {x) 


d_ 

dx 
?2W 


(x 2 Ej,(x)) + 


= o, 


a c x + Y,l(x ) 

£^(£ 2 ) + £ fe (£ 2 ) = a™|C4 t | 2 E 4 (£ 2 ) + mf 3 . 


(36) 

(37) 

(38) 


The boundary conditions (1361) and (1381) are actually the mass-gap equations of t and b quarks at 
the scale £, the a^-terms come from the contribution of Fig. 01 mf 3 - and mf-terms come from 
Eqs. (1221) and (|23l) . Analogously, we obtain the following boundary value problem for the u T and 


r leptons: 


A(^ E '„,(x)) = 0. 


£ 2 K t (£' Z ) + E„ t (0 = a w \U U tT \ 2 X t (£ 2 ) + mf 3 , 


and 


d_ 

dx 


(x 2 e;(x)) + 


a xT, r (x) 
a c x + £> 2 {x) 


= 0, 


£ 2 Z' t (£ 2 ) + Z t (£ 2 ) = <x w \U TUT \ 2 X UT (x)+rri 


eb 

T ’ 


(39) 

(40) 

(41) 

(42) 


where U TUt is the element of PMNS mixing matrix. The boundary conditions ()40l) and (I42j) are 
actually the mass-gap equations of v T and r leptons at the scale £, the a„,-terms come from the 
contribution of Fig. 01 mf°- and m® b -terms come from Eqs. m and (1201) . In the rhs of self- 
consistent mass-gap equations m, m, m and (j 42 j) . only the top-quark mass term mf 3 is 
due to the SSB, see Eq. pOl) and Sec. nvi whereas the cc^-terms are the ESB terms due to the 
effective vertex (ED), see Fig. 01 whereas the mf 3 -, mf 3 - and m® b -terms are ESB terms, satisfying 
the self-consistent mass-gap equations, e.g., Eqs. (f2T]) - (f23l) due to the quark-lepton interactions 
m, four-fermion interactions cnD and (|12l) . All ESB terms are functions of the top-quark mass 
term mf 3 , which is the unique origin of the ESB terms. The SD equations (|351 - (I42|) are coupled, 
become inhomogeneous and we try to find the nontrivial massive solutions for the bottom quark, 
tau lepton and tau neutrino. 

Suppose that the SSB for the top-quark mass does not occur ( mf 3 = 0), fermion bare masses 
m eh are zero and the kF-boson contribution vanishes ( a w = 0). In this case the SD equations (1351 


are homogenous. It was established 


26l ] that only trivial solutions T,f(p) = 0 to homogeneous 


SD equations exist in the weak coupling phase a < a c , however, inhomogeneous SD equations have 
nontrivial solutions 

p 2 

E/(p) oc mf (—2 ) 7 , m f <p<£, 

mj 


(43) 
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W + (p -p) 



FIG. 4: We adopt the third quark family (t, b) as an example to illustrate the general W ± -boson contribution 
to the fermion self-energy function E(p). The bottom-quark self-energy function £b(p) is related to the top- 
quark one 


2 

where the factor (^r ) 7 comes from the corrections of perturbative gauge interactions and 7 <C 
1 is the anomalous dimension of fermion mass operators. Actually, when x Sf (x) and the 


nonlinearity in SD equations is neglected, Eqs. (1551) . (1571) and (HIT) admit the solution 


m, 


m 


■ - - f 

£/(x) oc —-sinh 

/i 




J1 - — In (-^ 2 )] ocm/(-^) 
V ol c ^my 


p 2 \ (af/4a c ) 


(44) 


“/ = r, 6 , i”, x = p 2 (x p 2 and p is the infrared scale. In Eqs. (j551) and (|55[) . the infrared mass 
scales mj = rrif(p) are proportional to the inhomogeneous terms attributed to the ESB terms, 
which are in our scenario a^-terms and mass terms m^ b . Equation (|39D for zq—neutrino (07 = 0) 
admits the solution T, Ur (x) = m UT (p) that is related to the inhomogeneous term of the ESB at the 
infrared scale p. 


VII. THE MASSES OF THIRD FERMION FAMILY 


First we try to find the massive solutions (m UT , m r , mi,, mt) to the mass-gap equations Eqs. (1561) . 
(1551) . (15U1) and (1521) at the energy scale £. In these equations, the term £ 2 E'(£ 2 ) can be neglected, 
since £ 2 Ti[(£ 2 ) = 7 Ej(£ 2 ) <C Ej(£ 2 ), where Eq. ([551) is used. We define the bare masses Sz(£ 2 ) = 
m/ ps m| b , Sb(£ 2 ) = « mf 3 , T, r (£ 2 ) = m b ps m® b , and T, Ut (£ 2 ) = m® r «s mf/. As a result, we 


ml T s 

s aj£/^j 2 m° + m?/IV c < m° t /N c 

(45) 

m° T p 

s + m°/IV c < 2ml/N c 

(46) 

m? * 

a a^|17i 6 | 2 m^ + N c ml T + mf ~ mf, 

(47) 


- a w \U bt \ 2 m/ + N c m° « 

(48) 


approximately obtain 
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where \U t b\ ~ 1-03 [28[] and \U~. Vt \ < 1. Equations (1751) and (1771) are used in the last inequality of 
Eq. (177)1) . Equations (1751) - (17gl) show that at the energy scale £, the ESB masses raj and m® are 
originated from the SSB mass m®. The last step in Eqs. (I45H48P shows the dominate contributions: 
(i) the z/ T -neutrino acquires its mass from the f-quark mass mj* via the quark-lepton interaction 
()19l) , (ii) the 6-quark acquires its mass m® from the f-quark mass m® via the CKM mixing, (iii) the 
r-lepton acquires its mass m® from the bottom-quark mass m® via the quark-lepton interaction 
(1191) and r-neutrino mass via the PMNS mixing. In this article, we only indicate that the tau 
neutrino Dirac mass relates to the top-quark mass without further discussions, since the problem 
of neutrinos masses is complex for their Dirac or Majorana feature. We will discuss in the future 
that the Dirac mass of the left-handed neutrino vl and right-handed sterile neutrino ur, as 
well as the large Majorana mass of Majorana neutrino (vr + generated by the four-fermion 
operator in Eq. dTj) , in order to see if the smallness of gauged Majorana neutrino 

masses is consistent with experimental data. 

In order to find the fermion self-energy function (1431) or (144j) at the infrared mass scale //, we need 
to solve the inhomogeneous SD equations (f35l) . ([371) and (174|) with the boundary values (175j) - (f7Kj) . 
This is still a difficult task. To the leading order, neglecting the corrections from perturbative gauge 
interactions, we use Eqs. (1461) and (1481) to approximately obtain the bottom quark and r-lepton 
masses at the infrared mass scale /x, 


m T (n) pa 2 N c m b (g), m b {g) ~ a w m t {g), 


(49) 


in terms of the top-quark mass mt(/x) = <7t(/x)u/\/2, and we define the bottom-quark and tau-lepton 
Yukawa couplings 


m b (n) = g b (/j)v/\/ 2, m T (g) = g T (g)v/V 2, 


(50) 


which are obviously related to the top-quark Yukawa coupling g t (g,). In Fig. [5l the Yukawa cou¬ 
plings g b {g) and g T {g) are plotted. Comparing them with the Yukawa coupling gt(fi) in Fig. [TJ one 
finds the hierarchy pattern of the Yukawa couplings in the third fermion family. 

Using the top-quark mass-shell condition and experimental values of top- and bottom-quark 
masses: mt = gt(mt)v/\/2 ps 173 GeV and m b pa 4.2 GeV, as well as the SU{ 2) gauge-coupling 
value <72 (£) ~ 0.42, we numerically obtain the a w - and 7^-values at the energy scale £, 


Ot w 


(2 /N c 


/ m b \ 


\ mt' 

tgt(m b )i 


1.9 x 10" 2 (2/W) 


(51) 


and 7^ pa 0.85(2/A^ c ) ~ 0(1) in Eq. (1341) . Note that gt(g) in Fig. []]has received the contributions 
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from the renormalized gauge couplings < 71 , 2,3 (m) of the SM, see Sec. IIVI Thus we approximately 
determine the finite part of vertex function T" (p. p r ) (1311) . since we have not calculated it. 

In the determination of the r-lepton mass, we take into account the corrections of perturbative 
gauge interactions by adopting the RG solutions for fermion masses 
flavors Np = 6), 


291 ] (the number of quark 


m t (n)/m° t « [ 93 (p)) 8/7 [gi(p)} 1/10 , m b (p)/m° b « [g 3 {p)] 8/7 [gi(p)} 1/2 °, 


(52) 


and m r (/i)/m® ~ [gi(g)] 9 ^ 20 . We use Eqs. (]49l) . (150]) . (l52j) and the r-lepton mass-shell condition 


m T = g T {m T )[gi{m T )\ 1/2 [g 3 (m T )\ s/7 v/y/2 


(53) 


to uniquely determine the r-lepton mass m T ~ 1.59 GeV. This is a qualitative result, since we have 
only considered in the inhomogeneous SD equation the possible dominate contributions to the tau 
lepton mass and neglected other contributions, e.g., the fermion-family mixing. Nevertheless, the 
result is in a qualitative agreement with the experimental value m r ~ 1.78 GeV, and consistently 
shows the hierarchy spectrum of fermion masses m;, and m T in the third family. It should 
be emphasized that these qualitative results cannot to be quantitatively compared with the SM 
precision tests. The quantitative study is a difficult and challenging task and one will probably be 
able to carry it out by using a numerical approach in the future. 


VIII. A BRIEF CONCLUSION AND SOME REMARKS 


Our goal in this article is to present a possible scenario and understanding of the origins 
and hierarchy spectrum of fermion masses in the third family of the SM. We obtain the fermion 
masses, Yukawa couplings and their relations, as well as the energy scale £ ~ 5.1 TeV at which 
the second-order phase transition occurs from the SSB phase to the gauge symmetric phase. All 
these results are preliminarily qualitative, and they should receive the high-order corrections and 
some nonperturbative contributions. Nevertheless, these results may give us some insight into the 
long-standing problem of fermion-mass origin and hierarchy. We will present the similar study 
including the first and second families, as well as neutrinos by taking into account the fermion- 
family mixing to understand the hierarchy spectrum of SM fermions: from top quark to electron 
neutrino [ 30 I - It is much more complicated to solve the SD equations for the SM fermion masses, 
however, the basic scenario is simply the same. Due to the ground-state (vacuum) alignment of 
the effective theory of relevant operators, the top-quark mass is generated by the SSB, and other 
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9b ,t (m) 



FIG. 5: We plot the Yukawa couplings gb{p) and g T {p) from /i > 0.5 GeV to £ ~ 5 TeV. 


fermion masses are originated from the ESB terms, which are induced by the top-quark mass via 
the fernrion-fanrily mixing, quark-lepton interactions and vectorlike FE^-boson coupling at high 
energies. As a consequence, fermion Yukawa couplings are functions of the top-quark Yukawa 
coupling. 

In this article, the top-quark Yukawa coupling in fact relates to the nonvanishing form- 

factor Zh{^) of composite Higgs boson, see Eq. (fl4l) . Both of them, as shown in Fig. [TJ are of the 
order of unity and slowly vary from 1 GeV to 5 TeV. This means that the composite Higgs boson 
is a tightly bound state, as if an elementary Higgs boson. In addition, relating to the top-quark 
Yukawa coupling g t (fi), the Yukawa couplings gb{p) and g T {p) also slowly vary from 1 GeV to 5 
TeV, see Fig. [5j These features imply that it should be hard to have any detectable nonresonant 
signatures in the LHC pp-collisions, showing the deviations from the SM with the elementary Higgs 
boson. 

To end this article, we would like to mention that the vectorlike feature of FE^-boson coupling 
at high energy £ is expected to have some collider signatures on the decay channels of FE^-boson 
into both left- and right-handed helicity states of two high-energy leptons or quarks. The branching 
ratios of different helicity states are expected to be almost the same, given the qualitative estimation 
of Eqs. (I34p and (1511) . This contrasts to the helicity suppression in the low-energy SM due to its 
FE^-boson coupling being purely left handed, recalling the helicity suppression of pion decay into 
an electron and the corresponding electron antineutrino. On the other hand, the forward-backward 
asymmetry in top-quark pair production measured by the CDF [3l|] and DO [32(] at the Fermilab 


Tevatron pp collisions seems to be larger than the SM (QCD) result. This may be related to the 
vectorlike (parity-restoration) feature of FE^-boson coupling at high energy, since the top-quark 
pair can be produced by d, s, and b quarks in the f-channel via the FE^-boson exchange. We will 
study it in detail. 
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